We implement a long-horizon static and dynamic portfolio allocation involving a risk-free and a risky asset. This model is calibrated at a quarterly frequency for ten European countries. We also use maximum-likelihood estimates and Bayesian estimates to account for parameter uncertainty. We find that for most European countries the dividend-price ratio and inflation have predictive power. For countries where returns are predictable, we demonstrate outof-sample economic significance for the long-horizon allocation. Parameter uncertainty plays a second-order role, dominated by strong variation in the dynamic allocation itself induced by large variations in the state variables.
Introduction
With an ever-increasing life span, there is more and more social responsibility for institutional investors and pension funds to allocate their funds in an optimal manner over a long time horizon. In this paper, we consider the portfolio allocation discussed initially in Barberis' (2000) , of an investor with a long time horizon but without intermediate consumption. The investment set includes a constant risk-free asset and a single risky asset. The investor maximizes the expected utility of the terminal wealth, with a constant relative risk aversion (CRRA) utility function. A multivariate setting allowing for various state variables drives the underlying uncertainty of the economy and of the risky asset in particular.
This model is calibrated at a quarterly frequency for ten European countries. This allows us to investigate several issues. First, this allows us to reconsider the in and out-of-sample predictability of asset returns. We find that in all countries but Italy, the dividend-price ratio and the inflation rate play a significant role in explaining the evolution of stock-market returns in sample. Predictability appears to be less pronounced out of sample than in sample, consistent with the findings of Bossaerts and Hillion (1999) and Goyal and Welch (2008) . However, in several countries (such as the UK, Norway, or Spain), predictability remains highly significant out of sample for the data under consideration.
A second, related, issue that compounds the difficulty of forecasting future stock returns is the uncertainty that surrounds the parameter estimates that are required to calibrate the portfolio choice models. Intuitively, estimation risk represents an additional source of uncertainty, which should yield more precautious allocations. Interestingly, the model of Barberis (2000) , on which we build, accounts for estimation risk by using the Bayesian approach, which provides guidance for how information contained in actual data may be combined with weak prior information to yield better estimates on the distributional properties of parameters. Empirically, we study the effect of returns' predictability on long-term portfolio choice in a static buy-and-hold allocation and in a dynamic allocation with optimal rebalancing, conditional on the state of the economy.
We confirm the results obtained in earlier research for US data that the effect of weak predictability on long-run portfolio allocations is economically important. For instance, taking into account predictability of returns reduces long-run uncertainty and leads to higher buy-and-hold positions in the risky asset than if one assumes an i.i.d. setting. As expected, taking into account parameter uncertainty, compensates the benefits from predictability. We uncover, however, for many countries different patterns for long-term allocations: In the long-run parameter uncertainty may annihilate the effects of predictability.
The main contribution of this paper is that we investigate the performance of using buy-and-hold as well as dynamic allocations in an out-of-sample exercise. To 1 do so, we consider 40 cohorts of investors, each cohort being shifted from the previous one by one quarter. For each cohort we examine the performance of an allocation over a 10 year time frame. Having obtained the performance for those 40 cohorts, it is possible to compute statistics with the performances. The out-of-sample analysis confirms the importance of dynamic allocation, as it enables the smoothing of the returns achieved by the various cohorts of investors. We also obtain that both the dividend-price ratio and the inflation rate matter from a long-term allocation perspective. Finally, we show that a regular updating of the econometric model may significantly increase the cumulative return and decrease the risk of long-term portfolios.
The importance of the predictability of stock market returns at low frequency and its economic consequences has been highlighted by an abundant literature. This literature is rather controversial, with some papers claiming that there is predictability and others claiming that there is none. The bulk of the literature is, however, that there exists predictability, such as in Campbell (1987 Campbell ( , 1996 , Schiller (1988a, 1988b) , French (1988, 1989 ), Poterba and Summers (1988), Keim and Stambaugh (1986) , Barberis (2000) , Lettau and Ludvigson (2001) , Ferreira and Santa-Clara (2008), Campbell and Thompson (2008) , or Bec and Gollier (2009) . See also Rapach, Strauss, and Zhou, (2009, 2010) . As argued by Cochrane (2001) , there is a theoretical causal link between the dividend-price ratio and future returns, due to Gordon's formula. He also demonstrates that econometric tests of predictability lack statistical power and that statistical tests may fail to detect evidence of predictability by the dividend-price ratio even when there is indeed predictability. However, some papers claim that stock market returns are not predictable. One may mention, for instance, Bossaerts and Hillion (1999) , who present an econometric contribution implementing several model selection criteria to test for predictability in the context of international stock markets. They also perform an out-of-sample analysis and establish that even the best prediction models have no out-of-sample forecasting power. Goyal and Welch (2004) show that earlier work finding a predictability of the dividend-price ratio is not stable with respect to the sample selection. Merton (1969 Merton ( , 1971 Merton ( , 1973 following Samuelson (1969) established theoretically that predictability of returns would lead to significant changes in portfolio allocations. Several studies investigated the actual importance of weak predictability of stock returns in a long-run perspective. Brennan, Schwartz, and Lagnado (1997) analyzed numerically the impact of myopic versus dynamic portfolio choice. They find that, due to mean reversion in stock and bond returns, an investor with a long horizon will place a larger fraction of her wealth in stocks and bonds than an investor with a short horizon.
Several authors have provided an exact solution to the long-term portfolio allocation problem under different sets of assumptions. Kim and Omberg (1996) analyzed a continuous-time model with constant risk-free rate and a single risky asset, whose expected return follows an Ornstein-Uhlenbeck process. Campbell and Viceira (1999) study the optimal consumption and portfolio choice problem at quarterly and yearly frequencies of an infinitely-lived investor with Epstein-Zin utility. Campbell, Chan, and Viceira (2002) investigate the case where the investor chooses from a set of asset returns. Wachter (2002) considers investors with intermediate consumption, when the innovation to the expected asset return is perfectly negatively correlated with the innovation to the unexpected return. Balduzzi and Lynch (1999) incorporate transaction costs in a discrete time setting. Most of these papers conclude that whatever the (buy-and-hold or dynamic allocation) strategy, if returns are predictable, an investor will allocate more to stocks as the investment horizon increases.
Another issue that has been addressed in the literature is how to determine the optimal portfolio allocation when parameter estimates suffer from estimation risk. The estimation risk should be built in the model. Intuitively, the estimation risk represents an additional source of uncertainty, therefore, if it is incorporated into the portfolio choice model, will yield more precautious allocations. This problem was initially studied by Williams (1977) and Gennotte (1986) . More recently, Kandel and Stambaugh (1996) considered the effects of predictability within a myopic setting, where the investor rebalances monthly and parameter uncertainty is taken into account by using a Bayesian setting. A related issue to estimation risk is learning about parameters. Indeed, in small samples, estimation risk may be a significant issue, but as long as parameters do not undergo any structural change, it may be less so in large samples. As samples increase, one may consider explicitly modeling the learning process. Unfortunately, incorporating learning about parameter uncertainty in portfolio allocation is a difficult issue. This is why Barberis (2000) introduces such learning in the case of i.i.d. returns, showing that learning and estimation risk lead to a lower allocation to stocks over longer horizons.
The rest of the paper is organized as follows. In Section 2, we present the portfolio allocation model. In Section 3, after presenting the data for a collection of European countries, we consider predictability and the performance of the portfolio allocation out-of-sample. The final conclusions are presented in Section 4. Several additional results are presented in a separately available Technical Appendix.
The Model
In this section, we describe the model under consideration. We build on the framework presented by Barberis (2000) , who considers an investor without income or intermediate consumption. Our investor can be viewed as an individual who wishes to save for retirement by investing into a risk-free asset or a risky asset. In this economy, returns are predictable and the investor may ignore or incorporate parameter uncertainty. In addition, the investor may choose a constant-weight allocation or a dynamic allocation. In the latter case, she regularly rebalances her portfolio conditional on the state of the economy and the remaining time horizon. The risk-free rate is assumed to be constant, which is clearly an over-simplifying assumption. As shown by Brennan, Schwartz, and Lagnado (1997), introducing time-variability in the risk-free rate would reinforce the effect found in the paper.
Asset Allocation: Theory
Static long-run allocation. Our investor has the timeline displayed in the following diagram:
Historical data Allocation period
At some date T , the investor has gathered enough data to calibrate an econometric model that describes the evolution between returns and some state variables as well as the temporal relation of the state variables. Then, the investor decides to allocate her wealth by maximizing her expected end-of-period utility over a time horizonT . Denote by r f the log risk-free interest rate and by r t+1 the log excess return of the risky asset between t and t + 1. Denoting W T the initial wealth, we obtain the terminal wealth at timeT as
where ω is the fraction of wealth invested in the risky asset. The investor has a constant relative risk aversion (CRRA) utility function, defined as:
where A denotes the coefficient of risk aversion. Because initial wealth only scales terminal wealth but does not affect otherwise future utility, we set W T = 1. We introduce the cumulative return R T +T = r T +1 + r T +2 + · · · + r T +T . The investor who wishes to follow a static allocation will solve for
The investor calculates the expectation conditional on the information available at time T . All expectations are evaluated by Monte-Carlo integration, with cumulative returns R T +T being drawn from their context-dependent distribution. for i = 1, · · · , N Sim , we evaluate equation (1) using the average as an approximation of the expectation:
The convergence towards the expected value is guaranteed by the law of large numbers.
Dynamic allocation. Obviously, the strategy outlined above ignores the predictability of asset returns. We turn to this issue at present. The investor is now allowed to re-allocate her portfolio at regular intervals. At time T , the investor has estimated some econometric model at a given frequency (with p observations per year), such that she will be able to re-allocate her portfolio p times per year. We will take p = 4 in the empirical part, meaning that the econometric model will get calibrated at a quarterly frequency but the portfolio allocation will be computed once per year. As the following picture indicates, we split the time intervalT into K intervals, each of length p, denoting instants when the portfolio is re-allocated by t k . At time t k , conditional on some state, denoted x k , a weight ω k needs to be determined. Sometimes, we will use the notation x t k or w t k for those variables. 
The investor has to solve the problem:
where we assume 0 ≤ ω k ≤ 1. Denote by R t k+1 = r t k +1 + r t k +2 + · · · + r t k+1 , the cumulative excess return between rebalancing times, from t k to t k+1 . If the investor rebalances yearly, this corresponds to the cumulative return over a year. Then, wealth evolves from time t k to time t k+1 as
The resolution of (3) is a traditional problem of dynamic programming which requires, following Bellman's principle, a backward resolution. Explicitly, for the last period, the investor needs to solve the following problem for ω K−1 :
Conditional on the state x k , which prevails at time t k , the investor must solve
According to the Bellman principle, equation (3) must be solved backwards. Notice that by setting Q(x K , t K ) = 1/(1 − A) in equation (5), one obtains equation (4) , which shows that only equation (5) needs to be implemented in practice. It is worth noting that, because the cumulative excess return R t k+1 and the nextperiod state variable x t k+1 may be related, the joint distribution p(R t k+1 , x t k+1 |θ, x t k ) is needed to solve for ω k . As in the case where returns are non-predictable, we compute the expectation in equation (5) with Monte-Carlo simulation. Consider a discretization of the state variables denoted by x j for j = 1, · · · , J. For any step k < K, we use the following approximation of the Bellman equation:
For some state x j k , we consider N Sim trajectories of returns and state variables, indexed by i, yielding annual returns R
and a new state for the economy in one year x (i) k+1 , which will be approximated by one state belonging to the discretization denoted
k+1 . Thus, ω k will be a function of the state x j k and of the remaining time horizon.
Backward induction through all K rebalancing times yields eventually Q(x j 0 , t 0 ) for all j = 1, · · · , J, and thus the optimal allocation at t 0 , ω 0 . Further details may be found in Appendix B.
We impose various information structures on the investor. She may be rather sophisticated, aware of the correct dynamic for the data and incorporating uncertainty about parameter estimates. She may also be less sophisticated, ignoring the one or the other of these features.
Information Structure
We consider first the case of an investor who ignores the possibility that returns may be predictable. Because some countries may not have predictable returns, the assumption of non-predictability should not be discarded.
Non-predictable returns and ignoring uncertainty
In our setting, this is equivalent to assuming that r t are independent over time and distributed according to N (µ, σ 2 ), and thus that R T +T is distributed as N (T µ,T σ 2 ). The parameters µ and σ 2 may be estimated by using the traditional estimates r = 
2 , respectively.
Non-predictable returns and incorporating uncertainty
To explicitly acknowledge parameter uncertainty, one may use Bayesian techniques. It is common to assume that priors are non-informative. As Barberis (2000) reminds, see also Zellner (1971) , the posterior distribution of returns may then be obtained via Monte-Carlo simulations. In the following, we denote by r a sample of observed returns r 1 , · · · , r T . The steps are the following:
• Step 1: For simulation (i) obtain a draw from the inverse gamma distribution
• Step 2: Obtain a draw for the expected return using the Gaussian distribution
•
Step 3: To obtain a draw from the predictive density p(r T +1 |r), consider
It is easy to see that the mean of the predictive distribution is the historical average,r. The main difference with ML estimation is that the eventual density of the draws r
T +1 (the predictive density) is distributed as a Student-t and not as a Gaussian. The return for the entire time horizonT may be obtained by simulating from R
. Those draws may be directly used in the evaluation of equation (6).
Predicting returns
To predict returns for a given future time horizon, it is necessary to also predict the explanatory variables. This leads us naturally to a multivariate regression model such as
where x t represents a set of n explanatory variables. The error terms ε r,t and ε x,t are multivariate Gaussian, with a mean vector of zero and the following covariance matrix
We considered as basis set of explanatory variables r b,t the log excess return on bonds, r f,t the log short-term real interest rate, dp t the log dividend-price ratio, spr t the term spread computed as a difference between the long-term bond yield and the short-term interest rate. We also use π t the yearly log inflation and og t the output gap.
3 Eventually, as we will discuss in the empirical section, we restrict this set to the dividend-price ratio and the inflation rate.
Presently, we wish to consider alternative representations of equation (9), which will be useful in the following. Following Barberis (2000) , define z t = (r t , x t ) , and rewrite equation (9) as
To obtain a compact expression for the dynamic of returns and state variables, write
with
Another useful notation is obtained by stacking equations (11) . To do so, set
so that one may write equation (11) as a multivariate regression
With this expression, it is easy to obtain ML as well as Bayesian estimates.
Predictable returns and ML estimation
For this setting, under the assumption of the joint normality of the innovations E, the ML estimator and the least-squares estimator are the same. Therefore, estimates of a and B are obtained by considering the corresponding elements of
The covariance matrix of the innovations is given by
where S = (Z − XC) (Z − XC) represents the sum of squared errors.
Predictable returns and Bayesian estimation
An investor who wants to take parameter uncertainty into account needs to calculate the predictive density of R T +T . We notice that this predictive density would be known if the predictive density of Z T +T were known. As in the case where returns are non-predictable, it is possible to obtain draws from the predictive density via Monte-Carlo simulation. Under the assumption of diffuse priors, it is well known that the following steps generate draws from the predictive distribution. Those steps represent a multivariate extension to those considered previously.
• Step 1: For simulation (i), generate a draw from the inverse Wishart distribution
• Step 2: Generate a draw from the matricvariate density,
Step 3: Generate a draw from the predictive density of Z by drawing a vector of Gaussian variates distributed as
Again, those draws may be used for the Monte-Carlo integrations required in equation (5).
Moment forecasts. The inspection of the objective function (6) reveals that it is necessary to know the distribution of future state variables x t+k and cumulative returns R t+k = r t+1 + · · · + r t+k . We remind that z t+k = r t+k x t+k and define Z t+k = R t+k X t+k , where X t+k = x t+1 +· · ·+x t+k . Therefore, z t+k contains the k-period ahead variables, whereas Z t+k is the vector of k-period ahead cumulative variables. By considering the dynamic of equation (12), it is easy to see that both R t+k and x t+k will be jointly distributed as a Gaussian distribution conditional on
, and the current state z t . We delegate to Appendix B several propositions on how to compute efficiently the required moments.
Empirical Results

Data
We consider stock markets for ten European countries: France, Germany, the United Kingdom, Italy, Switzerland, Sweden, Denmark, Netherlands, Norway, and Spain. The variables of interest are the quarterly stock market returns, in local currency. We examine several usual suspects as possible explanatory variables: lags of log excess return on stocks, r, log short-term real interest rate, r f , log excess return on bonds, r b , the yield spread between the long-term bond yield and short-term interest rate, spr, the log dividend-price ratio, dp, the log yearly inflation, π, and the output gap, og. We follow in the construction of our data the protocol given by Campbell and Viceira (1999) and Bec and Gollier (2009) . Moreover, the output gap is obtained as the residual of the regression of quarterly GDP on a quadratic time trend. The interested reader may find a more detailed explanation of how we constructed the data as well as the source of the data in the Technical Appendix.
The entire sample covers the period from January 1971 to the last quarter of 2009. For the UK, we were able to obtain one additional quarter of data whereas for Sweden, there is a lack of two quarters of data. We decided to take as much data as were available. 4 In our investigations, we will use either the full sample or a fraction of the sample for parameter estimation leaving the remaining part for the out-of-sample analysis.
The Multivariate Regression Model
To implement the theoretical model, it is necessary to predict returns and explanatory variables so that a multivariate setting is required. Before proceeding with a discussion of the empirical results, we would like to mention that we performed an empirical investigation involving univariate predictive regressions with various specification tests. We believe that such investigations complement the literature that has been done essentially using US data. At the same time, we do not wish to overburden the paper. For this reason, we have documented the results of univariate regressions in a Technical Appendix. We may summarize the findings as follows: an extended univariate regression involving a set of seven explanatory variables (not counting the constant) reveals for our cross-section of countries that only the dividend-price ratio and the inflation rate play a systematic significant role. A reduced univariate regression corroborates this finding by revealing essentially unchanged patterns of significance of the explanatory variables as well as similar parameter estimates. We also find that the parameters remain stable as the size of the sample under consideration changes. Last, we investigate the out-of-sample predictive power and demonstrate that weak predictability holds for many European countries. In the light that some predictability may conjugate in the very long run, we were encouraged to pursue our investigation with the full-bloom multivariate model described in equation (13) for the stock-market return, the dividend-price ratio, and the inflation rate for all countries. Table 1 presents the parameter estimates of the multivariate regressions corresponding to the reduced model and a set of goodness-of-fit measures. We also present the cross-correlation matrix of the residuals. We notice that, for all countries but Italy, most of the parameter estimates are significant. Incidentally, the results for the return regression are very similar to the ones of the univariate model (which we report in the Technical Appendix).
The results in the table show that the coefficients of dividend-price ratio and inflation are significantly different from 0 in all the return equations but Italy. The parameter estimates corresponding to the dividend-price ratio range between 0.05 for Switzerland and 0.17 for France. For the inflation rate, the parameter estimates are between −0.43 for the UK and −1.5 for France. It is barely significant for the UK and Italy. Overall, the parameter estimates are remarkably homogeneous across countries. It is also worth emphasizing that estimating the model with only one of the two explanatory variables would significantly reduce the explanatory power of the model. For instance, in a model with only the dividend-price ratio, its parameter estimate would be significantly different from zero in five countries only, while the inflation rate has a significant parameter in one country only when it is introduced alone in the model. It is therefore the combination of both variables that helps to explain the evolution of stock-market returns.
Even in the reduced model, we find a relatively good fit of stock-market returns. The R 2 is as high as 10% in France and Norway and 7% in Sweden, the UK, and Spain. The goodness-of-fit is very low in Italy only. The p-value of the F statistic, which tests the joint significance of the explanatory variables, is smaller than the 5% level for all countries but Germany and Italy. Therefore, for eight out of ten countries, we find statistical evidence of in-sample predictability.
Finally, the table reports the statistics corrs, which corresponds to the number of times the predicted returns have the same sign as the actual returns, and corrupd, which reflects the number of times that the model predicts the correct evolution of returns in comparison with the current level of returns. For all countries, the value of the statistics corrs is much higher than 50%, ranging between 0.55 for Italy and 0.68 for Sweden. The statistic corrupd is in general larger than 0.5, except for the UK and Denmark. We therefore conjecture that there is some predictive power from the dividend-price ratio and inflation rate in most countries. This seems to suggest that an investigation using this little available information may be of relevance to see if there is some economic relevance to our findings.
Interestingly, the dynamics of the dividend-price ratio and the inflation rate are similar in most countries. The dividend-price ratio shows a large autoregressive parameter, ranging between 0.76 for France and 0.93 for the Netherlands. The lagged inflation rate also has significantly positive parameter estimates, ranging between 0.51 for the UK and 1.92 for France. The R 2 of the dividend-price ratio regression is rather large, in the range 0.69 to 0.94. For the inflation equation, we notice that inflation is highly persistent, as the lagged inflation parameter ranges between 0.92 for Germany and 1.04 for France. In most countries, the inflation rate appears to be nearly integrated. 5 In general, the dividend-price ratio does not play any significant role in explaining the evolution of inflation. The R 2 of the inflation equation is close to one (between 0.92 and 0.98) in most countries given its highly persistent dynamic. These results suggest that the variables explaining the evolution of the stock-market return are themselves highly predictable.
Regarding the correlation matrix of the residuals of the VAR system, we notice that the innovation in the stock-market return is highly negatively correlated with the innovation in the dividend-price ratio. This result is consistent with the literature. Interestingly, the most negative correlation may be found for the UK and the Netherlands, where it takes values below −0.93. The innovation in the stockmarket return is also negatively correlated with the innovation in inflation (except in Switzerland), but the magnitude of the correlation is much smaller, between −0.13 and 0.02.
We also performed an out-of-sample performance analysis in the spirit of Bossaerts and Hillion (1999). The full details are left to a Technical Appendix. The R 2 of out-of-sample regressions range from 23% for Spain to 0.5% for Italy. In all countries but Spain, we notice a decrease in the R 2 over the out-of-sample period, compared to the first half of the sample. Similarly, we found a deterioration of the p-value of the t-statistics for the regression of the actual return on a constant and the predicted return. However, it remains significant for five out of ten countries (France, the UK, Sweden, Norway, and Spain). We also observe that, in most countries, the statistic corrs is still well above 50%, suggesting that the model is able to correctly predict the sign of the subsequent stock-market return. We eventually corroborated those findings by using a shorter out-of-sample period.
All of those preliminary findings suggest that predictability and hedging demand should matter for long-term portfolio allocation. The question we wish to address now is by how much.
Allocations for the Static and Dynamic Investors
Having obtained estimates of the dynamic of stock-market returns, it is possible to consider the implications for portfolio allocation in the various countries under investigation. As pointed out by Barberis (2000) , the fact that returns are predictable combined with the fact that the errors between returns and dividend-price ratios are negatively correlated implies that the volatility for a long-term investor will be actually reduced. Understanding this phenomenon implies that the investor will also be willing to invest more in risky assets in the long-run. To gain some intuition for where this result comes from, let us compare the simple model of i.i.d returns where r t+1 = ε t+1 and V ar[ε t+1 ] = σ 2 ε with the situation where returns are predictable as in
It follows that r t+1 + r t+2 = 2αx t + αη t+1 + ε t+1 + ε t+2 , so that V ar[r t+1 + r t+2 ] = 2σ
η + ασ ε σ η ρ, with ρ being the correlation between the two innovation processes. These computations reveal that if returns are predictable and if the correlation between the innovations is sufficiently negative (actually the condition is ρ < −ασ η /σ ε ), then one may expect a reduction in uncertainty of returns as the horizon increases. In the case of multiple predictors, the overall impact will depend on the various correlations among the predictors. From the point of view of the investment strategy, this would imply that stocks are safer at longer horizons, meaning that a longer-horizon investor should allocate more to stocks.
Static allocation ignoring uncertainty or not
In Table 2 , we consider the optimal portfolio weights of an investor who decides to maintain constant weights at the end of the estimation period, 1989Q4. The investor will adjust her portfolio weights as to maintain a given ratio of the wealth in the risk-free asset and the remaining fraction in the risky asset as a function of the horizon only. The initial time-horizon is any value ranging from 1 to 10 years and the investor incorporates in the estimations parameter uncertainty or not. In all cases, the investor has understood that the econometric model implies return predictability which in turn signals a more complex structure of future return volatility as would be the case in an i.i.d. model.
For several countries, including Germany, Italy, and Spain, we notice that the allocation remains essentially the same whatever the time horizon. The reason is that, for those countries, the patterns of correlations among innovations are such that there is no significant hedging demand for stocks. On the contrary, for many other countries, the investor allocates differently depending on the time horizon. For instance, a French investor with an initial horizon of 10 years should allocate more than 54% of the wealth to risky assets. If the horizon is less, it is less likely that the wealth recovers due to the mean reversion of stocks after a negative shock. Therefore, if the horizon is only one year, the investor should decrease the allocation in the risky asset to 39% only. In the UK, this pattern is even stronger. An investor with a 10-year horizon should, according to this model, invest 100% of her wealth in the risky asset. As the time horizon shrinks, the overall investment should decrease to about 40%.
Let us now turn to the investor who uses Bayesian techniques to account for parameter uncertainty. For Germany, Italy, or Spain, we find that incorporating uncertainty leads to a relatively small decrease of the allocation to stocks but the allocation across horizons remains essentially the same. For such countries, the predictive power of past dividends is too low to encourage the investor with long time horizons to invest more in risky assets.
Consider now the case of a French investor. With a 10-year horizon, she would allocate about 41% of her wealth in the stock market. This is about the same amount as if the remaining time horizon is only one year. We notice however a strong convexity of the holdings over time with a maximum allocation of 48% to stocks if the horizon is 4 years. This convexity may be interpreted as follows. In the very short run, hedging demand and not parameter uncertainty is what matters. The main worry for the investor is a substantial loss in terms of wealth due to a potential crash. This investor will not be able to benefit from any mean reversion of assets. As the time horizon increases, parameter uncertainty remains small but the potential to recover from a crash increases. Eventually, for very long time horizons, the parameter uncertainty dominates the benefits of hedging demand due to the interaction between return innovations and dividend-price ratio innovations. The pattern is somewhat different for the UK investor. Here, parameter uncertainty will destroy only part of the hedging demand and will reduce the stock-only allocation to a more reasonable holding of 72% in stock if the time horizon is 10 years. In the very short run, the allocation is the same as in the case without uncertainty. When we consider longer time horizons, parameter uncertainty becomes stronger and stronger, eventually creating a convexity in the allocation. The allocation of 72% allocation to stocks would shrink to about 59% with a 20-year horizon. This observation suggests that it may be relevant to re-estimate the econometric model over time and thereby to reduce the parameter uncertainty. We will turn to such strategies later on.
Dynamic allocation ignoring uncertainty or not
In Table 3 , we consider an investor who decides to allocate her wealth in a dynamic manner, conditioning future allocations on macro-economic variables. For each country and time horizon, we present two cases. The first line is obtained by assuming that the investor uses ML parameter estimates, and the second line is obtained using the Bayesian approach, where parameter uncertainty has been integrated out. To present the allocations resulting from a rather complex model which depends on time, and the two state variables, we assume here that the two state variables are at their mean values.
A first issue to investigate is the effect of parameter uncertainty in the case of a dynamic portfolio allocation. A comparison between the two lines representing allocations for each country reveals that the allocations evolve in a similar manner with an economically small difference of up to 2%. However, a formal test of overall equality of the allocations resulting from the ML estimation and the Bayesian investor found the two to be statistically significant. 7 Thus, even if the two lines are similar, overall, the allocations differ. Indeed, an inspection of the matrices of weights (not reported here) reveals that even if for mean values of the two explanatory variables, the allocations are similar, for values of the explanatory variables located towards the boundaries of their respective range, the allocations differ. In particular, for high values of the dividend-price ratio, corresponding to low stock prices and therefore to high allocations to stocks, the effect of uncertainty becomes more pronounced.
We also notice relatively little impact in terms of hedging demand for countries such as Germany and Italy. A long-term investor will have allocations that are similar to the ones that would hold with a short-term investment horizon. For most countries, however, we observe a significantly more aggressive investment to risky assets than the constant-weight investor would have chosen. For instance, in France, with a 10-year horizon, the static investor of Table 2 would have chosen to put 54% of her wealth into the risky asset. This weight is now 68% for a dynamic investor with the same horizon. The reason for this is that the dynamic investor is able to adjust the weights depending on how the economy evolves. If the markets boom, such an investor will learn from the shrinking dividend-price ratio that it may be time to exit from the market. In addition, such an investor will be less prone to sell after stock market crashes but will to the contrary use the information about mean reversion to possibly increase her position in risky assets to take advantage of the boom that is likely to follow the crash.
This finding brings about the question of how the dynamic investor will adjust her portfolio as the state of the economy changes. We considered so far allocations where both the dividend-price ratio and the inflation rate were set at their average value. We wish to remind that we have a discretization of the state space involving 25 possible values for each explanatory variable. This allows for a potential set of 625 states in practice however, both state variables are correlated and much less states are of practical relevance. For this reason, we consider deviations of one grid-point for either dp ratio or π from their average value. An inspection of the impact of inflation was similar to the impact of one grid-point deviation for the dividend-price ratio. For this reason, Table 4 presents the changes of weights that we obtain if the dividend-price ratio varies. We incorporate parameter uncertainty. The weights found for each country in the middle row correspond to those that were already presented in Table 2 . Increases of the dividend-price ratio starting from the average level imply that stocks have fallen and, therefore, the weight to risky assets should be increased. If we take the case of France, we notice that the impact on the portfolio weights can be quite dramatic. If the economy is in a normal average state, an investor with a 10-year horizon should invest 66% of her wealth into the risky asset. In that case, the log dividend price ratio is about dp = −4.74, that is, the quarterly dividend-price ratio is 0.0087 or 3.50% annually. The next grid-point is at dp = −4.65, that is, the quarterly dividend-price ratio is 3.82% annually. If that would have been the level of the economy, the investor should have invested 96.4% of her wealth into the risky asset. Therefore, the impact of even a small change of one of the state variables has a very important impact on the portfolio allocations. Such a strong reaction is probably due to the use of a simple model. Again, at this stage, we are not seeking a well-behaved model implying moderate changes, rather we try to simply understand whether there is some economic gain by adopting long-term strategies.
It is important to measure the gain for an investor who actually uses the longterm allocations that we propose here. To do so, we now perform an out-of sample analysis applying the various strategies to actual data.
Out-of-sample Analysis
We consider two types of out-of-sample analysis. The first approach, which we will discuss now, is rather conservative. The following picture and ensuing comments describe how we performed the out-of-sample analysis.
We start with a fixed sample of historical data from 1971 to 1989. This corresponds in the picture to the interval of time 1 to T . We keep this sample constant throughout this discussion. Having obtained an estimation of the dynamic, we compute once and for all the matrices containing the weights for each state of the economy, where we use a time horizon ofT = 10 years. 8 We then perform a first out-of-sample allocation for the 10 subsequent years. This will give us a first out-of-sample trajectory of future portfolio returns with which we can compute performance measures. Having obtained this first dynamic allocation, running between January 1990 and October 1999, corresponding to the window T 1 to T 1 +T , we move forward by one quarter. We thus consider an allocation starting at time T 2 and finishing at time T 2 +T , which constitutes the second out-of-sample allocation. The last such 10-year allocation will be the one starting in January 1999 and finishing in October 2009. Overall, we therefore obtain 40 allocations, each one shifted by one quarter, that we use to compute performance measures. It is clear that some trajectories overlap. On the other hand, because there exist only limited available data and we also use a cross-section of countries, we believe that our interpretations are meaningful.
We would like to emphasize that, because of this very conservative stance, we bias the model against us. Later on, we will consider a more flexible strategy with partial learning, where the model is calibrated by using a moving window. In practice, for an allocation done in 1999, an investor would hardly use parameter estimates that are a decade old. We make this extreme choice to avoid criticisms such as that the investor may not know the parameters since the macroeconomic data are not available yet and the econometric model thus could not have been estimated. Table 5 displays the performance for investors with a 10-year horizon, who would have allocated constant weights with a model that incorporates the predictability of returns. Let us consider again a French investor. The investor who had started in January 1990 would have achieved 10.06% average annual returns using the static strategy. On the other hand, the investor who would have started in January 1999 would have suffered the burst of the Internet bubble, taken the recovery between 2003 and 2007, and eventually substantially lost during the liquidity crisis and the ensuing economic recession. Overall, such an investor would have realized an average annual return of 3.41% only. Similar performance profiles may be observed for the investors in the other countries. Typically, those investors who started in the earlier period of the sample were able to achieve better returns than those who started later on.
Static allocation ignoring uncertainty or not
The next issue is parameter uncertainty. So far, we considered an investor who completely ignored parameter uncertainty. We have seen, however, in an earlier discussion, that the weights obtained by incorporating parameter uncertainty may for some countries lead to very different allocations. One would therefore also expect rather different out-of-sample performances. Such an investor would be expected to be more precautious and allocate less wealth to the stock market. In such a case, we expect that during booming years, the investor will reap fewer gains but suffer less during periods with falling markets. As the lower panel of Table 5 documents, the average returns realized by this allocation tend to be smaller on average. At the same time, as one inspects the various lines of average returns, one gains the impression that the yields are small yet less dispersed. This in turn suggests that one should inspect some measures of performance such as a Sharpe ratio. Such a measure will be presented below as we discuss the performance for various cohorts and various strategies.
A case study: A 10-year allocation in France
To illustrate how the dynamic allocation operates, we consider again the case of a French investor who wishes to perform a dynamic allocation starting in January 1999, with a yearly rebalancing. We still keep the parameter estimates obtained for 1971-1989 and which are in January 1999, 10 years old. Table 6 displays how our investor would gather information on the state of the economy, given by the quarterly dividend-price ratio as well as by the annualized inflation rate. Then she would associate to each of those values a given state as indicated in Appendix B.3. Eventually, conditional on the state and remaining time horizon, she would use a given allocation for the coming year.
In January 1999, the horizon is 10 years, and for the given state, the weight is 46% in stocks. One year later, by January 2000, the horizon is 9 years. As we saw in Table 4 , the allocations do not change a lot if the objective of the investor is in the far future. This is exactly what we find now. If the time horizon decreases from 10 to 9 years, and if the state of the economy is not found to have changed, the investments should not change. By January 2001, the dividend-price ratio has fallen because the market is very high. In addition, inflation has risen, portending lower future returns. At present, the model suggests a sale of all stocks. In 2002, the dividend-price ratio has returned to its level of 2000, yet inflation remains relatively high, suggesting lower future returns. The investor allocates only small amounts to stocks. In January 2003, the dividend-price ratio has risen substantially, and the model recommends now that the investor invests aggressively into stocks. In 2007, the French market had not recovered in terms of price, so that the dividend-price ratio was still too high to recommend a sale of stocks. In 2008, the state was the same as in 2006, but our investor only has a short horizon and might not be able to recover in case of a crash. For this reason, the model now recommends prudence and less investment in stocks.
As the previous discussion shows, this model encourages counter-cyclical behavior, which is good for long-term portfolio management. This brings out the question of actual returns for an investor who adheres to such a dynamic strategy.
Dynamic allocation ignoring uncertainty or not
Similar to Table 5 , we present in Table 7 the returns that various cohorts of investors would have achieved by following the dynamic strategy. First, the comparison of the upper panel, which corresponds to an investor who ignores uncertainty, with the lower panel, which corresponds to an investor who incorporates uncertainty, suggests that the eventual performances are very similar. This finding demonstrates that incorporating parameter uncertainty into a dynamic strategy is of second order relevance. One could have anticipated this result in consideration of the closeness of the weights displayed in Table 3 . Next, comparison of the values displayed in Table 7 with those of Table 5 shows that there is a significant difference between the performance achieved for the static and dynamic allocations. The picture that emerges is that, during periods of booming markets (as those cohorts starting in 1990-93 faced), the static allocation tends to yield higher returns than the dynamic allocation. To the contrary, the cohorts that faced crashing markets, such as those starting in 1994 and later, the performance of the dynamic allocation tends to be higher. Stated differently, following a dynamic allocation will smooth the average returns, whereas, at the same time, it will ensure a decent return.
Performance Measures 3.5.1 Model with two state variables
At this stage, we have presented various out-of-sample allocations and wish to present some aggregate measures of performance. To do so, we consider the average out-of-sample return that is achieved by some strategy to which various cohorts of identical investors, each indexed by its cohort number j, adhere. We denote the resulting average annual return by r j , j = 1, · · · , J, where J stands for the total number of cohorts. Because we consider quarterly lags of 10 years of data, we follow J = 40 cohorts. We define the statistics
which define the average cross-cohort return, the associated standard deviation and the price of risk defined as the ratio of average returns to the risk of the strategy.
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In Table 8 , we present the resulting performance measures for the J = 40 cohorts and the static and dynamic 10-year horizon investor. For the static investor, the left part of the table demonstrates that taking uncertainty into account reduces the average return but also decreases the average risk, the overall impact being an increase of the price of risk. As we turn to the dynamic allocation, the findings are that for the countries with predictable returns (with the exception of the UK and the Netherlands), the dynamic allocation yields better average returns than the static allocation. Moreover (and this time the picture holds uniformly), if we contemplate the price of risk, we obtain for all countries significantly higher ratios. This suggests that the advantage of following a dynamic strategy may come not so much from providing higher average returns but from reducing the risk in the long run, ensuring a more homogenous pattern of returns for the various cohorts.
Models with one state variable
So far, we considered a model with two state variables, dp and π. Presently, we wish to investigate if both variables contribute in a similar manner to stabilize investor's returns. In Tables 9 and 10 , we present the performance measures which hold when portfolio allocations are either conditioned on the dividend-price ratio or on inflation but not on both. First of all, as could have been expected, the static allocations do not bring forth dramatic differences if the investor ignores knowledge of the one state-variable or the other. After all, one does not really condition on those variables. It is just that one uses the information that asset returns are predictable to obtain adjustments to the variances. As one turns, however, to the dynamic allocation, there are several interesting insights. As Table 9 shows, conditioning only on the dividend-price ratio yields increased price-of-risk ratios at the expense of dramatically smaller average returns. Turning to Table 10 , we notice that, if one conditions only on inflation, the decrease in average returns is much smaller. The investor who invests equal fractions of wealth into each country would have obtained around 8.5% with inflation conditioning, around 6% with the dividend-price ratio as the only state variable, and eventually, 9% if she had used both variables.
Let us focus now on a family of cohorts of investors for a given country, for instance, France. Investors would have reaped on average 13% with the two state variables. This drops to about 5.5% if they use the dividend-price ratio only and around 9% if they use inflation only.
The stabilizing role that the dividend-price ratio plays for static long-term allocations appears to be dominated by the purely predictive character that inflation plays for future returns. It is, however, only by incorporating both variables that satisfactory levels of return and the stability of returns after actual long-term investments are simultaneously achieved.
Numerical sensitivity
Presently, we wish to investigate the numerical stability of our results. As mentioned, our efficient numerical implementation is rather fast. For this reason, we can easily investigate the performance of our model when we use 35 grid points for the discretization of each state variable instead of 25, as previously. Table 11 provides the resulting dynamic-allocation performance measures, which can be compared to the ones of Table 8 . The table reveals overall great stability. The mean taken over all average returns is the same, at 9.24% if one ignores uncertainty. If one incorporates uncertainty, the numbers are 9.09% and 9.12%, respectively. Some of the difference between those numbers comes from the fact that, to incorporate uncertainty, we rely on a Monte-Carlo exercise, which in itself entails randomness. Overall, from a numerical point of view, our allocations are rather stable.
Out-of-sample Analysis with Partial Learning
Another sensitivity analysis is to investigate the behavior of the out-of-sample allocations if the investor updates in a systematic way the parameters required to calibrate the model. We interpret such updating as partial learning.
As it is also discussed by Barberis (2000) , the dynamic portfolio allocation could be modified to take into account the fact that the investor will learn about the parameters of the econometric model over the time horizon of the allocation. In such a case, variables may exist that correlate with the way parameters evolve. This feature should be taken into account explicitly in the set-up of the dynamic allocation, as a certain type of hedging demand may arise. As already found by Barberis (2000) , incorporating learning is a very costly feature in terms of the model's complexity. For this reason, we will not incorporate such features directly but rather will consider a different type of learning. We argue that there exist structural changes over time that will modify the parameter estimates over time. For instance, German data are probably not the same before and after 1989, when unification took place. We assume here, however, that over the time of an allocation the parameters can be taken as constants. The following picture displays the way that we construct our out-of-sample allocation in this partial learning setting.
We assume now a gliding window consisting of 79 quarterly returns. For cohort j, the sample used for the parameter estimation starts at T 0,j and ends at T j . Then from T j on, we consider an allocation with time horizonT . In Table 12 , we present the performances of the allocation with such partial learning. Again, this table compares to Table 8 . Regarding the static allocation, we notice, for all countries but Sweden, an improvement of the average returns as well as an improvement of the average cross-cohort risks, which translate into improved Sharpe ratios.
If we turn to the figures concerning the dynamic allocation, we notice similar features but with a magnification, on average. For instance, a French investor, who ignores uncertainty, achieves 13.3% without partial learning but more than 13.8% with learning. Similarly, a Swedish investor achieves about 15.2% without partial learning and 17.24% with learning.
Those results suggest that the regular updating of the estimations may be of relevance if we consider allocations covering decades of data. In the case of Ger-many, the calibration obtained using data between 1971 and 1989 is clearly different from the one based on data from 1980 to 1999. This could explain why now, for Germany, the dynamic allocation not only produces larger prices of risk than the static allocation but also produces larger average returns.
Conclusion
In this paper, we reconsider the model presented by Barberis (2000) , which represents a stylized universe of an investor who seeks to transfer wealth from the present to the far future. This investor may choose between a static buy-and-hold allocation or a dynamic allocation where the remaining time and especially the state of the economy will be taken into account. An additional degree of freedom is introduced by allowing the investor to simply use ML estimates for the model calibration, or use Bayesian estimates, which means that the investor acknowledges parameter uncertainty.
Our contribution differs along several strands from the earlier work of Barberis (2000) . First, we consider a cross-section of European countries for which we perform a preliminary investigation of stock-market predictability. These results demonstrate that the dividend-price ratio and inflation have predictive power for future returns and not only the dividend-price ratio used in earlier work.
10 Second, we verify that accounting for parameter uncertainty yields more conservative asset allocations than if one ignores this feature. Unlike in the case of the US investor chosen by Barberis (2000) , we find that, for a cross-section of countries, a long-run allocation may lead to a higher or a smaller weight invested in the risky asset. In addition, there are several possible patterns of convexity. The interaction between hedging demand and additional predictability due to inflation thus creates complex patterns. Third, we perform out-of-sample analysis. Those exercises tend to highlight the beneficial role of a dynamic allocation. Such a strategy tends to significantly smooth the returns achieved by various cohorts of investors. We obtain in this context that parameter uncertainty plays a second-order role in comparison with the great amplitude displayed by the states of the economy. We also demonstrate that inflation prediction is a more important component than the dividend-price ratio. The hedging demand induced by the negative correlation between the innovations of returns and the innovations of the dividend-price regressions lead to a generally more important allocation to stocks. The predictability capacity of inflation matters in the out-of-sample analysis. Finally, we show that regular updating of the econometric model may also be of significance to take into account structural disruptions of the economy. Such allocations where each cohort of investors starts with updated parameters yield significantly higher average returns and lower risk than similar buy-and-hold strategies.
All of these findings suggest that institutional investors who must transfer wealth into the far future should consider dynamic strategies based on macroeconomic variables.
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A Out-of-sample Performance Measures
Define Y t as an observed return andŶ t as its predictor. Then ε t = Y t −Ŷ t defines the forecast error. We compute the following performance measures:
• the root mean squared error (RMSE). It measures the square root of the average of the squared difference between the estimator and the variable to be estimated,
where df is the degree of freedom of the residual term, computed as the difference between the number of observations (T ) and the number of regressors (n) used in regression (11).
• As in Bossaerts and Hillion (1999), we consider the out-of-sample regression Y t = a + bŶ t + ε t , and present the t-test of the coefficient of the predicted returns (denoted by tstat2) and the R 2 . Ideally, high values for tstat2 and R 2 are desired.
• The percentage of correct predictions of the sign of returns (corrs) :
The preferred model will be the one with the highest value of the corrs indicator.
• The percentage of correct predictions of variations of returns compared to the current return and this independently of the sign of returns (corrupd). It displays the frequency of correct prediction of future returns with respect to the current return:
where ∧ is the logical 'and' and the symbol ∨ denotes the logical 'or'. According to this indicator, the preferred model is the one with the highest corrupd value.
B Technical Aspects of Dynamic Asset Allocation B.1 Newton-optimization of Utility
At the heart of the investigation lay the optimization of the expected utility, be it in the static setting as in equation (2) or in the dynamic one as in equation (6). This implies that the optimizations should be performed expediently. For this reason, we solve for the optimal portfolio weights, ω, by using an iterative Newton algorithm instead of evaluating the utility over a grid of weights and then choosing the optimal one. More precisely, because one needs to incorporate the constraint 0 < ω < 1, one notices that, because utility is a concave function, one obtains an interior solution if dJ T (0)/dω > 0 and dJ T (1)/dω < 0. If one of these conditions is not satisfied, we will set the optimal weight to either 0 or 1 depending if it is the first or the second condition that is not satisfied. If the solution is interior, one may set ω (0) = 0.5 and at step n consider
This sequence is typically found to converge in less than 5 or 6 steps for a tolerance of 10 −5 .
B.2 Discretization of the Dynamic
The resolution of the Bellman equation requires the discretization of the state variables. We remind that in our setting there are two state variables (we also experimented with one or three, but eventually settled for two), namely the dividendprice ratio and the inflation rate over a 12-month horizon. Formally, we define x t = (dp t , π t ) . The dynamic of the state variables is
Claim 1
The steady-state distribution of x t is a Gaussian with mean vector (I − B x ) −1 a x and covariance matrix Σ * x resulting from
A closed-from solution for Σ * x is obtained by noticing that
Proof. See Hamilton (1994) . Using the steady-state distribution of x t , it is easy to discretize the state-space by first delimiting the relevant domain for each of the components of x and then by choosing mid points of the segments into which each domain gets decomposed.
Formally, consider the l-th component of x t , denoted here x l (neglecting the time index).
• Step 1: Determine x l,L , and x l,U the lower and upper bounds of the range of x l , by choosing them such that P r[x l,L ≤ x l ≤ x l,U ] > 1 − α where α is some small number. We take α = 0.001.
Step 2: Define ∆ = (x l,U − x l,L )/M the width of the grid to obtain M states for x l .
• Step 3: Define the mid-points
Then x l,j define the M states. Furthermore, all points in the interval [b l,j−1 , b l,j [ will be identified with state j. Because we have a multivariate distribution, there will be states that a have very low probability of occurring. It is possible to prune the domain of states so that one retains only the states with a reasonable likelihood.
Having now obtained a discretization for each of the components of x, it is possible to define the states of the economy. Assume that x contains two components. For the first component, we wish to have M 1 = 3 states, and for the second M 2 = 3 states. The set of possible values of states are shown in the following table: 1 x 1,1 x 1,1 x 1,2 x 1,2 x 1,2 x 1,3 x 1,3 x 1,3  x 2,1 x 2,2 x 2,3 x 2,1 x 2,2 x 2,3 x 3,1 x 3,2 x 3,3 We notice, therefore, that it is possible to identify the value taken by x t , at time t k . To do so, let x k (s) be the value of the state vector at time t k in state s. We denote by S the set of possible states. S associates an integer with each state as well as a specific set of values for the components of x. Instead of working with values of x, it becomes possible to work with pointers, which are integers that indicate what the value of x would be. The resolution of the Bellman equation (6) boils down to solve at step k for
B.3 Moment Forecasts
Proposition 1 Conditional on a, B 0 , Σ and joint normality, we have
where
Proof of proposition 1: Iterating equation (12) forwards, we obtain
Conditional on a, B 0 , and Σ, we obtain that the distribution of z t+k is given by
, where
Introduction of obvious notations and trivial summing in µ z yields the first part of the proposition. Taking the sum of (17) we obtain
Again, the introduction of obvious notations and summations yield the second part of the first proposition.
, and
Proposition 2 Conditional on a, B 0 , Σ and joint normality, we have
Proof of proposition 2:
Introducing as notations h j = B j 0 and
0 ) we may write
and
Because ε t is i.i.d., we have Cov(ε t+i , ε t+i ) = 0 for i = j. It follows that
Corollary 1 Conditional on a, B 0 , Σ and joint normality, we have
where the various components can be found in their conform positions in a ζ , g ζ and Σ Zz .
Proof of corollary 1: Now, we write the i th component appearing in the sum of innovations appearing in z t+k and Z t+k as:
Because z t+k and Z t+k involve a sum of these elements from i = 1, · · · , k and given that R t+k is the first element of Z t+k and x t+k is the second element of z t+k , we have
This results from the very peculiar structure of B 0 where the first column contains only. 0
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Captions 2 × 100 is the measure of goodness of fit of the regression. RM SE × 100 represents a scaled root-mean squared error where the error is the difference between the predicted and the actual variable. The statistics F − test corresponds to a formal test for significance of the explanatory variables and p − val is its associate level of significance. The statistics Corrs represents the percentage of times that the sign of a variable was correctly predicted. The measure Corrupd counts the number of times that the model was able to predict correctly the relative magnitude of future returns (return tomorrow is larger than today's or not). The bottom part of the table presents the correlation matrix of the residuals of the regression. Table 2 : We compare for various countries the optimal weights for a constant weight allocation where the investor decides on an allocation for a given time horizon, here 10 years, and then maintains her allocation. We present the allocations that would hold if the investor ignores uncertainty and if the investor integrates uncertainty by using Bayesian techniques. Since the model assumes predictability, both state variables are set to their average value. In no case would an investor use the information about the state in her allocation though. Table 3 : We compare for each country the optimal weights resulting from a dynamic allocation where uncertainty is either ignored (ML estimates) or accounted for by using Bayesian techniques. Weights, measured in percent, are given for various time horizons and by considering an average value for the two state variables dp and π. Table 4 : This table analyzes the sensitivity of allocations that result from a dynamic allocation where uncertainty is accounted for, if the current dp takes a different value yet where inflation is kept at its average value. For each country and time horizon, one considers the average dp as well as the two adjacent states for a discretization of the dynamics of the state variables involving 25 states for each variable. Table 5 : We follow various cohorts of European investors (each one identified by the date given in the first line of this table) who allocate a given fraction of their wealth to the risk-free asset and to the risky asset and then maintain this fraction for the following 10 years. For all allocations, the investors use parameter estimates obtained from a fixed sample of quarterly data running between 1971 and 1989. Each number in this table represents the average annual return realized over 10 years out-of-sample using actual market returns. The line named 'Average' represents the performance, after 10 years, for an investor who had invested an equal weight into each country and then maintained this weight. In the upper panel, the investor ignores parameter uncertainty and simply uses ML estimates. In the lower panel, the investor integrates out parameter uncertainty by using a Bayesian approach. Table 6 : In this table, we illustrate how a French investor with a 10-year horizon, starting her optimal dynamic allocation on January 1999, would have reallocated her wealth over the next ten years given the actual states of the economy. This investor uses parameter estimates using data between 1971 and 1989. The column named 100D/P t represents the prevailing dividend-price ratio after multiplication by 100. The column labeled 100π t represents the annualized inflation rate in percent. The two columns 'State' indicate the state that corresponds to the dividend-price ratio and inflation. The column 'Weight' represents the fraction of wealth to be invested according to the dynamic portfolio allocation taking into account the remaining horizon. Table 7 : This table presents similar figures than Table 5 , but now each investor follows an optimal dynamic strategy using an initial time horizon of 10 years. Conditional on the state, given by the dividend-price ratio and the rate of inflation, the investor decides her allocation taking into account the remaining time. The line named 'Average' corresponds to a strategy where the investor invests an equal weight into each country. Table 8 : This table presents performance measures of either a static allocation or a dynamic allocation where the investor ignores or incorporates parameter uncertainty. In her allocations, the investor uses knowledge on both the dividend-price ratio and the inflation rate. We consider, for a given country, all cohorts of investors, each one starting a 10-year portfolio allocation, and each one lagged by one quarter from the previous cohort. The columnr represents the average return which would have been achieved by the various cohorts. SD(r) and P R are the corresponding standard deviations and prices of risk computed as the average return divided by the standard deviation. Table 9: This table is similar to Table 8 but the investor uses only the dividendprice ratio to decide on her allocations instead of using the two state variables. Table 10: This table is similar to Table 8 but now the investor uses only the inflation ratio to decide on her allocations instead of using the two state variables. Table 11 : This table only focuses on the dynamic allocation. Here, the investor uses the same model as in Table 8 but uses a discretization involving 35 possible values for each state. This table compares with the last two columns of Table 8 . Table 12 : From its structure, this table corresponds to Table 8 . The investor updates her ML or Bayesian parameter estimates by using a gliding window of 19 years and 3 quarters. For each window of past data, the investor computes ML estimates of the parameters and also integrates out uncertainty in Bayesian fashion. She then uses those parameters to compute the weights for either a static or a dynamic allocation. Table 8 : Performance for various cohorts of investors who base their investments on knowledge of dp and π. Table 9 : Performance for various cohorts of investors who base their investments on knowledge of dp only. 
